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Abstract
It is shown that the number of irreducible quartic factors of the
form g(x) = x4 + ax3 + (11a + 2)x2 − ax + 1 which divide the Hasse
invariant of the Tate normal form E5 in characteristic l is a simple
linear function of the class number h(−5l) of the field Q(√−5l), when
l ≡ 2, 3 modulo 5. A similar result holds for irreducible quadratic
factors of g(x), when l ≡ 1, 4 modulo 5. This implies a formula for
the number of linear factors over Fp of the supersingular polynomial
ss
(5∗)
p (x) corresponding to the Fricke group Γ∗0(5).
1 Introduction
Let E5(b) be the Tate normal form of an elliptic curve with a point of order
5:
E5(b) : Y
2 + (1 + b)XY + bY = X3 + bX2;
and let H5,l(b) denote its Hasse invariant in characteristic l, as in [15] and
[21]:
Hˆ5,l(b) = (b
4 + 12b3 + 14b2 − 12b+ 1)r(b2 + 1)s(b4 + 18b3 + 74b2 − 18b+ 1)s
× b5nl(1− 11b− b2)nlJl
(
(b4 + 12b3 + 14b2 − 12b+ 1)3
b5(1− 11b− b2)
)
.
Here, nl = [l/12], r =
1
2(1 − (−3/l)), s = 12(1 − (−4/l)); and Jl(t) is the
polynomial
Jl(t) ≡
nl∑
k=0
(
2nl + s
2k + s
)(
2nl − 2k
nl − k
)
(−432)nl−k(t− 1728)k (mod l).
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Let ε = −1+
√
5
2 and ε¯ =
−1−√5
2 , and let h(−5l) denote the class number of
the quadratic field K = Q(
√−5l), where l > 5 is a prime number. This
paper is devoted to proving the following theorem, which was stated in [21].
Theorem 1.1. Let l > 5 be a prime.
A) Assume l ≡ 2, 3 mod 5. The number of irreducible quartics of the form
g(x) = x4 + ax3 + (11a+ 2)x2 − ax+ 1 dividing Hˆ5,l(x) over Fl is:
i) 14h(−5l), if l ≡ 1 mod 4;
ii) 12h(−5l)− 1, if l ≡ 3 mod 8;
iii) h(−5l)− 1, if l ≡ 7 mod 8.
B) Furthermore, if l ≡ 4 mod 5, the number of irreducible quadratic factors
k(x) = x2+rx+s dividing Hˆ5,l(x) over Fl, with r = ε5(s−1) or r = ε¯5(s−1)
in Fl is:
i) 12h(−5l), if l ≡ 1 mod 4;
ii) h(−5l)− 3, if l ≡ 3 mod 8;
iii) 2h(−5l)− 3, if l ≡ 7 mod 8.
C) If l ≡ 1 mod 5, the number of irreducible quadratic factors k(x) = x2 +
rx+ s dividing Hˆ5,l(x) over Fl, with r = ε5(s− 1) or r = ε¯5(s− 1) in Fl is:
i) 12h(−5l), if l ≡ 1 mod 4;
ii) h(−5l)− 1, if l ≡ 3 mod 8;
iii) 2h(−5l)− 1, if l ≡ 7 mod 8.
This theorem is a supplement to [15, Thm. 6.2], which gives the possible
degrees of irreducible factors of Hˆ5,l(x) (mod l), depending on the congru-
ence class of l (mod 5). In Part A, the only possible irreducible factors of
Hˆ5,l(x) are either x
2+1 or quartic factors f(x) satisfying x4f(−1/x) = f(x);
while in Part B, the possible factors are linear and quadratic; and in Part C,
all irreducible factors are quadratic. The class number h(−5l) then shows
up in counting the special factors of the form g(x) or k(x) in Theorem 1.1.
In the paper [21] I showed that the number of linear factors of Hˆ5,l(x)
(mod l) is a function of the class number h(−l), for l ≡ 4 (mod 5), and that
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the same holds for the number of quadratic factors of the form x2 + ax− 1,
when l ≡ 1 (mod 5). Thus, both class numbers h(−l) and h(−5l) are
encoded in the factorization of Hˆ5,l(x) over Fl, at least when l ≡ ±1 (mod
5). I conjecture that the same is true for the Hasse invariant Hˆp,l(x) of
the Tate normal form Ep for a point of order p, i.e., that its factorization
encodes the class numbers h(−l), h(−pl), where p > 5 is any prime for which
the coefficients of Ep depend on a single parameter.
Theorem 1.1 is an analogue for the Tate normal form E5 of similar results
for the Legendre normal form (or equivalently, the Tate normal form E4 for
a point of order 4, see [15, p. 255]) and the Deuring normal form. The
main theorems of [16] and [17] (and their proofs) show that the counts of
certain irreducible quadratic factors of the Hasse invariants of these normal
forms are functions of the class numbers h(−2p), h(−3p) of the imaginary
quadratic fields Q(
√−2p) and Q(√−3p), respectively.
The proof of Theorem 1.1 proceeds along similar lines as the proof of
the corresponding result for the Deuring normal form in [17] and [18], and
is a combination of theoretical arguments and computational methods. In
Section 2 I prove a congruence modulo l for the class equation K5l(X) =
H−20l(X) (for l ≡ 1 mod 4) or the product of class equations K5l(X) =
H−5l(X)H−20l(X) (for l ≡ 3 mod 4), using the method of [18]. This requires
l to be a prime greater than 379 (or one of a set S of 22 specified primes
less than 379; see Corollary 2.2). In Section 3 I show that each factor of the
form g(x) or k(x) in Theorem 1.1 corresponds to an elliptic curve E5(b) for
which µ =
√−5l injects into the endomorphism ring End(E5(b)), where b is
a root of g(x) or k(x) over Fl. The proof of this uses the formula in [19] for
the nontrivial points of order 5 on E5(b).
This implies that all factors of H5,l(x) of the form g(x) or k(x) in The-
orem 1.1 arise from j-invariants which are roots of K5l(X) over Fl. In
particular, the factors in Theorem 1.1 divide one of the polynomials
Fd(x) = x
5h(−d)(1− 11x− x2)h(−d)H−d
(
(x4 + 12x3 + 14x2 − 12x+ 1)3
x5(1− 11x− x2)
)
over Fl, where −d = −5l or −d = −20l and h(−d) is the class number of the
order O = R−d of discriminant −d in K = Q(
√−5l). This holds because of
the formula for Hˆ5,l(x) given above and the fact that
j(b) = j(E5(b)) =
(b4 + 12b3 + 14b2 − 12b+ 1)3
b5(1− 11b− b2)
3
is the j-invariant of E5(b).
In Section 4, I determine computationally how many factors in Theorem
1.1 arise from special factors H−d(X) of K5l(X) in Theorem 2.1, where d
equals 20 or is one of the integers in the set
T = {4, 11, 16, 19, 24, 36, 51, 64, 84, 91, 96, 99}.
For l > 379, the class equations corresponding to d ∈ T are the factors which
occur to the 4-th power in K5l(X) mod l, when their roots are supersingular.
I show that each of the factors H−d, for d ∈ T and d 6= 4, yields deg(H−d(X))
factors of the form g(x), or twice that number of factors of the form k(x),
dividing Hˆ5,l(x) over Fl, depending on the congruence class of l modulo 5,
for l > 379 (or l ∈ S).
On the other hand, Theorem 2.1 shows that K5l(X) is also exactly di-
visible over Fl by a number of factors of the form (X2 + aiX + bi)2. I show
in Sections 5 and 6 that each of these factors contributes only one factor
of the form g(x), or two factors of the form k(x), to the factorization of
Hˆ5,l(x), depending on the congruence class of l modulo 5. These factors are
reductions of irreducible quartic factors of H−5l(X) or H−20l(X) over the
l-adic field Ql, because l = l2 in the field K = Q(
√−5l), and l splits into
primes p of residue class degree fp = 2 in the ring class field Ωf of K with
conductor f = 1 or 2. These factors correspond therefore to unique prime
divisors of l in the extension Ωf/K.
The verification of the facts mentioned in the last paragraph depends
on finding an explicit generator for the ray class field Σ℘5 with conductor
℘5 over K (or for Σ℘5Ω2/K), where ℘
2
5 = (5) = 5RK in K; and whose
minimal polynomial over the decomposition field L of l in the extension
Ωf/K reduces to a polynomial of the form g(x) = x
4 + ax3 + (11a+ 2)x2 −
ax+1 modulo prime divisors of l. Such a generator is provided by a suitable
value of the modular function r(τ)5, where r(τ) is the Rogers-Ramanujan
continued fraction. I show in Section 5, using this generator, that each
factor (X2 + aiX + bi)
2 of K5l(X) gives rise to at least one factor of Hˆ5,l(x)
of the form g(x), or two factors of the form k(x), over Fl. Then in Section
6 I show that no other factors of the appropriate form can occur, using the
icosahedral group G60 as in [21], together with the fact that an additional
factor would yield an additional solution of the equation
α5 + β5 = ε5(1− α5β5)
over Fl4 , or of the conjugate equation with ε replaced by ε¯. (See [20], [19].)
The proof is completed by the computations in Tables 4-8, which show that
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the formulas of Theorem 1.1 also hold for all primes l for which 7 ≤ l ≤ 379.
As was shown in [21, Theorem 7.1], the above theorem, together with the
results of [21, Theorems 1.1 and 1.3], implies the following result, which was
conjectured by Nakaya [22] (see his conjecture 5 for N = 5). This theorem
gives a formula for the number of linear factors over Fp of the supersingular
polynomial ss
(5∗)
p (X) corresponding to the Fricke group Γ∗0(5), introduced
by Koike and Sakai [23], [24], [22]. As in [22], L(p) denotes the number of
supersingular j-invariants of elliptic curves which lie in the prime field Fp.
This number was determined by Deuring [11] and is given by
L(p) = S(Fp) =

1
2h(−p), if p ≡ 1 (mod 4),
2h(−p), if p ≡ 3 (mod 8),
h(−p), if p ≡ 7 (mod 8);
where h(−p) is the class number of the field Q(√−p). (See also [6, p. 97].)
Theorem 1.2. If p > 5, the number of linear factors of the supersingular
polynomial ss
(5∗)
p (X) corresponding to the Fricke group Γ∗0(5) over Fp is
given by the formula
L(5∗)(p) =
1
2
(
1 +
(−p
5
))
L(p)
+
1
8
{
2 +
(
1−
(−1
5p
))(
2 +
(−2
5p
))}
h(−5p)
=
1
4
(
1 +
(p
5
))
h(−p) + 1
4
h(−5p), if p ≡ 1 mod 4;
=
(
1 +
(p
5
))
h(−p) + 1
2
h(−5p), if p ≡ 3 mod 8;
=
1
2
(
1 +
(p
5
))
h(−p) + h(−5p), if p ≡ 7 mod 8.
This result is analogous to formulas proved by Nakaya [22] for the poly-
nomials ss
(2∗)
p (X) and ss
(3∗)
p (X).
Nakaya [22] has conjectured [22, Conjectures 1, 6] that the polynomial
ss
(5∗)
p (X) has degree given by
deg(ss(5∗)p (X)) =
1
4
(
p−
(−1
p
))
+
1
2
(
1−
(−5
p
))
.
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I give a proof of this conjecture in Section 7, using a parametrization dis-
cussed in [21, Theorem 6.1]. A similar proof also establishes his conjecture
for deg(ss
(7∗)
p (X)).
Nakaya has also conjectured that ss
(5∗)
p (X) is a product of linear factors
(mod p) if and only if p is one of the primes in the set {2, 3, 5, 7, 11, 19}.
Curiously, these are exactly the prime divisors of the order of the Harada-
Norton group HN and of the Janko group J1. See [22, Conjecture 2], [8,
Ch. 10]. Theorem 1.2 implies that for p > 5, ss
(5∗)
p (X) is a product of linear
factors (mod p) if and only if
L(5∗)(p) =
1
4
(
p−
(−1
p
))
+
1
2
(
1−
(−5
p
))
.
Nakaya’s Conjecture 2 (for N = 5) can be obtained from this formula using
a standard estimate of the class numbers h(−p) and h(−5p), along with a
straightforward, if tedious, calculation. (See Table 9 in Section 7.) As he
has discussed in [22] in connection with a number of examples of the same
phenomenon, this is an analogue of Ogg’s observation that the 15 primes
for which the supersingular polynomial ssp(X) is a product of linear factors
over Fp coincide with the prime factors of the order of the Monster group.
See also [5] and the related papers [3] and [4] of H. Brandt.
2 Factorization of K5p(x) mod p
DefineK5p(X) = H−20p(X) if p ≡ 1 (mod 4) andK5p(X) = H−5p(X)H−20p(X)
if p ≡ 3 (mod 4). The proof of Theorem 1.1 is based on the following con-
gruence for K5p(X) modulo p.
Theorem 2.1. If p > 379 is a prime, then we have the factorization
K5p(X) ≡ H−20(X)220
∏
d∈T
H−d(X)4d
∏
i
(X2 + aiX + bi)
2 (mod p),
where H−d(X) is the class polynomial for discriminant −d, T is the set
T = {4, 11, 16, 19, 24, 36, 51, 64, 84, 91, 96, 99};
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d is defined by
20 =
1
4
(
1−
(−20
p
))(
1 +
(
5
p
))
,
d =
1
2
(
1−
(−d
p
))
, if d ∈ {4, 11, 16, 19},
d =
1
4
(
1−
(−d
p
))(
1−
(
disc(H−d(X))
p
))
, if d ∈ {24, 36, 51, 64, 91, 99},
84 =
1
8
(
1−
(−84
p
))(
1−
(
3
p
))(
1−
(
7
p
))
,
96 =
1
8
(
1−
(−96
p
))(
1−
(
2
p
))(
1−
(
3
p
))
;
and the polynomials X2 +aiX + bi in the product
∏
i are certain irreducible
factors of the supersingular polynomial ssp(X) over Fp which are distinct
from the factors in the product over d ∈ T.
For the sake of completeness, I note here the discriminants of the quadratic
factors H−d(X), for d ∈ T:
disc(H−24(X)) = (219)36132192,
disc(H−36(X)) = 220(33)74192312,
disc(H−51(X)) = 2303674(17)312,
disc(H−64(X)) = (25)31474114192592,
disc(H−91(X)) = 23231272114(13)712,
disc(H−99(X)) = 230(3)74(113)132194792.
Factors in parentheses indicate nontrivial contributions to the Legendre sym-
bols in Theorem 2.1. Note that d ∈ T if and only if d ≡ ±1 (mod 5) and
the prime ideal divisor ℘5 of 5 in K = Q(
√−d) satisfes ℘25 ∼ 1 in the ring
class group (mod f), where −d = dKf2. See [20], Prop. 3.2.
Proof of Theorem 2.1. This is proved by the method of [18] and an extended
computer calculation. Here I will just indicate the main features of the proof.
Let Φ5(X,Y ) = 0 denote the modular curve of level 5. This equation can
be computed using the resultant
515Φ5(x, y) = Resz((z
2+12z+16)3+x(z+11), (z2−228z+496)3+y(z+11)5).
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We have that
discy(Φ5(x, y)) = 5
5x4(x− 1728)4
∏
d∈T−{4}
H−d(x)2,
Φ5(x, x) = −(x2 − 1264000x− 681472000)(x− 1728)2(x+ 32768)2
× (x− 287496)2(x+ 884736)2
= H−20(x)H−4(x)2H−11(x)2H−16(x)2H−19(x)2.
Also, let Q5(u, v) denote the de-symmetrized form of Φ5(X,Y ), so that
Q5(−x− y, xy) = Φ5(x, y). From [18] (Lemma 2.3) we know that for p > 20
the irreducible factors of K5p(x) are the same as the supersingular factors
which divide Φ5(x
p, x), and their multiplicities are the same as their multi-
plicities in Φ5(x
p, x)2:
K5p(x) =
∏
i
qi(x)
ei , over qi(x)| gcd(ssp(x),Φ5(xp, x))
and qi(x)
ei ||Φ5(xp, x)2. The linear factors can only come from the roots of
Φ5(x, x) ≡ 0, i.e. factors of H−d(x) (mod p) for d ∈ {4, 11, 16, 19, 20}, and
these factors, for d 6= 20, are supersingular in characteristic p if and only if
the corresponding d = 1. For d = 20, the roots of
H−20(x) = x2 − 1264000x− 681472000,
which lie in Q(
√
5), are supersingular and contained in Fp if and only if
20 = 1. We must check that the multiplicities of the linear factors are 2, if
d = 20 and 4, if d ∈ {4, 11, 16, 19}.
With Q(u, v) = Q5(u, v) let
Q1 =
∂Q(u, v)
∂u
, Q2 =
∂Q(u, v)
∂v
,
denote the first partials of Q and Qij the second partials. If
F (t) = Φ5(t
p, t) = Q(−tp − t, tp+1),
then in characteristic p,
F ′(t) = −Q1(−tp − t, tp+1) + tpQ2(−tp − t, tp+1),
F ′′(t) = Q11(−tp − t, tp+1)− 2tpQ12(−tp − t, tp+1) + t2pQ22(−tp − t, tp+1).
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For the roots t of the linear factors we have
F (t) = Q(−2t, t2), F ′(t) = −Q1(−2t, t2) + tQ2(−2t, t2), (1)
F ′′(t) = Q11(−2t, t2)− 2tQ12(−2t, t2) + t2Q22(−2t, t2). (2)
The following values can be checked on Maple:
F (1728) = F ′(1728) = 0, F ′′(1728) = 2413245278114194;
F (−323) = F ′(−323) = 0, F ′′(−323) = −263 · 5 · 78112134172193432;
F (663) = F ′(663) = 0, F ′′(663) = 221326 · 5 · 78113193 · 31 · 432672 · 71 · 79;
F (−963) = F ′(−963) = 0, F ′′(−963) = −263326 · 5 · 134192 · 31 · 59 · 672 · 79.
These values show that the multiplicity of H−d(x) in Φ5(xp, x) over Fp is
2, for d ∈ {4, 11, 16, 19} and p > 79, and therefore the multiplicities of the
qi(x) = H−d(x) in K5p(x) for these d are ei = 4, when they occur (for
p > 79). Moreover, the linear factors corresponding to these values of d are
distinct (mod p), for p > 67.
For d = 20, we use (1) to evaluate F (t) and its derivative at t = α =
632000+282880
√
5, which is a root of H−20(x). We find that F (α) = 0, but
that F ′(α) = A+B
√
5, with
A =− 256 · 3 · 55 · 7 · 117 · 135 · 173 · 194 · 313 · 792 · 919
B =− 254 · 5 · 116 · 135 · 173 · 194 · 29 · 312 · 792 · 467 · 543287,
and
A2 − 5B2 = −2108 · 53 · 1112 · 1310 · 176 · 1910 · 314 · 592 · 712 · 794.
This calculation shows that the linear factors (x − α), (x − α′) of H−20(x)
divide K5p(x) to the second power, when they occur and lie in Fp[x] (for
p > 79). Factoring H−20(t) for t = 123,−323, 663,−963 shows that none of
the linear factors mentioned above coincides with a factor of H−20(x) (mod
p), when p > 79. This completes the argument for the linear factors of
K5p(x).
Next, the class equations H−d(x) are quadratic, for the six values of
d ∈ {24, 36, 51, 64, 91, 99}. For these polynomials, and for a root t of H−d(x),
1 and tp are independent over Fp. Letting t = αd be a root of H−d(x) =
x2 + ux + v, for these d, we verify that F (αd) = Q(u, v) = 0 and F
′(αd) =
9
Q1(u, v) = Q2(u, v) = 0 in characteristic 0, but that F
′′(αd) 6≡ 0 in Fp, for
p > 379. To check the latter note that F ′′(t) = D1(u, v) + tpD2(u, v), where
D1(u, v) = Q11 − vQ22, D2(u, v) = 2Q12 + uQ22.
Recall that
H−24(x) = x2 − 4834944x+ 14670139392,
H−36(x) = x2 − 153542016x− 1790957481984,
H−51(x) = x2 + 5541101568x+ 6262062317568,
H−64(x) = x2 − 82226316240x− 7367066619912,
H−91(x) = x2 + 10359073013760x− 3845689020776448,
H−99(x) = x2 + 37616060956672x− 56171326053810176.
For d = 24 we find
gcd(D1, D2) = 2
36 · 318 · 5 · 133 · 192 · 37 · 432 · 61 · 67 · 109.
For d = 36 we find
gcd(D1, D2) = 2
39 · 38 · 5 · 76 · 192 · 432 · 67 · 79 · 127 · 139 · 151 · 163.
For d = 51 we find
gcd(D1, D2) = 2
46 · 319 · 5 · 77 · 17 · 37 · 61 · 79 · 139 · 163 · 211.
For d = 64 we find
gcd(D1, D2) = 2
11 · 320 · 5 · 76 · 113 · 192 · 432 · 67 · 139 · 163 · 211 · 283 · 307.
For d = 91 we find
gcd(D1, D2) = 2
50 · 318 · 5 · 74 · 112 · 132 · 37 · 61 · 67 · 109 · 151 · 163 · 331 · 379.
For d = 99 we find
gcd(D1, D2) = 2
46 ·5·76 ·11·133 ·192 ·29·41·432 ·61·109·127·139·211·283·307.
This shows that the quadratic polynomials H−d(x) divide K5p(x) to exactly
the fourth power (mod p), when they occur, for p > 379. Furthermore,
factoring the coefficients of the differences H−d1(x) − H−d2(x) shows that
these class polynomials are all distinct (mod p), when p > 307.
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The only other quadratic factors that can occur in the factorization of
K5p(x) to a power higher than the second are quadratic factors of the quartic
polynomials H−84(x) and H−96(x), by the formula for the discriminant of
Φ5(x, y). (See the argument at the beginning of the proof of [18], Prop. 2.4.)
We start with the polynomial
H−84(x) = x4 − 3196800946944x3 − 5663679223085309952x2
+ 88821246589810089394176x− 5133201653210986057826304,
= (x2 − 1598400473472x+ 92704725504000)2
− 2183973132292(3187x− 184896)2,
whose discriminant is
disc(H−84(x)) = 21163447141312294432532612672732792.
With some calculation using the above expression, it is straightforward to
check that the splitting field of H−84(x) is Q(
√
3,
√
7). If
(
3
p
)
= +1 and(
7
p
)
= −1, where p > 79, then H−84(x) factors into two irreducible quadrat-
ics over Fp. One of these factors is
q1(x) = x
2 + ux+ v = x2 + (922836934656
√
3− 1598400473472)x
+ 1649310419952599040
√
3− 2856689444809764864,
but
NormQ(Q(u, v)) = 2
1083627121312296432472534613732973
× 157 · 181 · 229 · 241 · 313 · 349 · 397 · 409.
Hence, q1(x) and its conjugate q˜1(x) over Q(
√
3) do not divide Φ5(x
p, x)
(mod p), for p > 409. Furthermore,
gcd(N(Q1), N(Q2)) = 2
7634378138294 · 47 · 532612 · 73 · 97,
where N(a) denotes the norm to Q, so q1(x) can occur only to the second
power in K5p(x) and can be absorbed into the final product of the theorem,
when it or q˜1(x) occurs, for 97 < p ≤ 409.
Similarly, if
(
3
p
)
= −1 and
(
7
p
)
= +1, H−84(x) has the factor
q2(x) = x
2 + ux+ v = x2 + (604139268096
√
7− 1598400473472)x
− 9357315081633792
√
7 + 24757128541605888.
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In this case
NormQ(Q(u, v)) = 2
1083367151312294432472 · 53 · 592614734832
× 113 · 131 · 137 · 149 · 197 · 2332 · 281 · 317 · 389 · 401.
Hence, q2(x) and q˜2(x) do not divide Φ(x
5, x) over Fp, for p > 401. In this
case,
gcd(N(Q1), N(Q2)) = 2
76330710138 · 47 · 612732 · 83,
and so q2(x) and q˜2(x) occur only to the second power in K5p(x), when
either occurs, for 83 < p ≤ 401.
On the other hand, if
(
3
p
)
= −1 and
(
7
p
)
= −1, H−84(x) has the factor
q3(x) = x
2 + ux+ v = x2 + (348799965696
√
21− 1598400473472)x
− 20235870240768
√
21 + 92704725504000,
and in this case Q(u, v) = Q1(u, v) = Q2(u, v) = 0 in characteristic 0. Since
gcd(N(D1), N(D2)) = 2
703305278136292433672
× 79 · 127 · 151 · 163 · 2112 · 331 · 379,
it follows that q3(x) and its conjugate q˜3(x) divide K5p(x) over Fp, with
multiplicity 4, exactly when 84 = 1, for primes p > 379. Moreover, the
largest prime factor of any resultant Res(H−84(x), H−d(x)), for the values
d ∈ {24, 36, 51, 64, 91, 99}, for which H−84(x) (mod p) is a product of two
irreducible quadratics, is 379, so the factors q3 and q˜3 are distinct from the
quadratic factors found above, for p > 379. This establishes the contribution
of H−84(x) to the factorization of K5p(x).
A similar analysis applies to the polynomial
H−96(x) = x4 − 23340144296736x3 + 670421055192156288x2
+ 447805364111967209472x− 984163224549635621646336
= (x2 − 11670072148368x+ 10900447400376000)2
− 29313132172412612(739x− 690264)2,
whose discriminant is
disc(H−96(x)) = 25634613121712196232372414432614672892.
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For
(
2
p
)
= +1 and
(
3
p
)
= −1, the polynomial
x2 + ux+ v =x2 + (8251987131648
√
2− 11670072148368)x
+ 12701433452887296
√
2− 17962539423257664
is a factor of H−96(x) (mod p) and
NormQ(Q(u, v)) =2
5433613121781942310374412432472616672
× 89 · 113213721392257 · 281 · 353 · 401 · 449.
Moreover,
gcd(N(Q1), N(Q2)) = 2
40330138174235372 · 47 · 614 · 137.
Thus, the above factor only occurs to the second power in K5p(x), when it
or its conjugate occurs, for 137 < p ≤ 449, so it can be absorbed into the
final product in the congruence of the theorem.
For
(
2
p
)
= −1 and
(
3
p
)
= +1, the polynomial
x2 + ux+ v =x2 + (6737719296672
√
3− 11670072148368)x
− 197611189074074880
√
3 + 342272619618959808
is a factor of H−96(x) (mod p) and
NormQ(Q(u, v)) =− 2543631312178194232375416432612672894
× 1093 · 229 · 2772 · 349 · 373 · 397 · 421.
In this case,
gcd(N(Q1), N(Q2)) = 2
40349138174372414 · 71 · 892 · 109,
so these factors occur only to the second power in K5p(x) when they occur,
for 109 < p ≤ 421. Finally, the polynomial
x2 + ux+ v =x2 − (4764286992816
√
6 + 11670072148368)x
+ 4450089034924416
√
6 + 10900447400376000
is a factor of H−96(x) when
(
2
p
)
=
(
3
p
)
= −1, and Q(u, v) = Q1(u, v) =
Q2(u, v) = 0, while
gcd(N(D1), N(D2)) = 2
41337521361721944124336126721392
× 163 · 211 · 283 · 307 · 331 · 379.
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Thus, the factors of H−96(x) divide K5p(x) to the 4-th power when 96 = 1
and p > 379. The largest prime dividing a resultant Res(H−96(x), H−d(x)),
for d ∈ {24, 36, 51, 64, 84, 91, 99}, modulo whichH−96(x) factors as a product
of two irreducible quadratics, is 379. This completes the discussion of the
factors in the first product.
The remaining irreducible quadratic factors qi(x) = x
2 + aix + bi are
exactly the factors of ssp(x), distinct from the factors of H−d(x) (d ∈ T),
for which Q5(ai, bi) = Q(ai, bi) ≡ 0 (mod p), by [18], Theorem 3.1, and their
multiplicities in K5p(x) are exactly 2. This completes the proof. 
For p = 379, the polynomials H−91(x), H−84(x), H−96(x) all have the
factor H−91(x) ≡ x2 + 114x + 51 in common (mod 379), and this factor
occurs to the power 6 in the factorization of K5p(x). Thus, the factorization
formula in Theorem 2.1 does not hold for p = 379 (barely!). By factoring
the supersingular polynomial ss379(x) (mod 379) and comparing with the
factors and multiplicities of Φ5(x
379, x) (mod 379), it can be checked that
K5·379(x) = H−5·379(x)H−4·5·379(x) ≡
(x+ 163)2(x+ 181)2(x+ 150)4(x+ 165)4(x+ 167)4
× (x2 + 338x+ 303)4(x2 + 359x+ 73)4(x2 + 288x+ 354)4
× (x2 + 180x+ 346)4(x2 + 114x+ 51)6(x2 + 47x+ 352)4(x2 + 23x+ 346)4
× (x2 + 68x+ 125)2(x2 + 191x+ 240)2(x2 + 320x+ 244)2(x2 + 152x+ 232)2
× (x2 + 57x+ 374)2 (mod 379).
This agrees with the fact that h(−5 · 379) = h(−20 · 379) = 48. Therefore,
the condition p > 379 in Theorem 2.1 is sharp.
Moreover, there are 22 primes p < 379 which do not occur in any of
the factorizations in the proof of Theorem 2.1, and which do not divide the
differences H−d1(t) − H−d2(t) for d1, d2 ∈ {4, 11, 16, 19, 20} or for d1, d2 ∈
{24, 36, 51, 64, 91, 99}; or the remainders on dividing H−84(t) or H−96(t) by
H−d(t), for d ∈ {24, 36, 51, 64, 91, 99}; or the resultant Res(H−84(t), H−96(t)),
for which
(
3
p
)
= −1. These are the primes in the set
S = {101, 103, 107, 167, 173, 179, 191, 193, 199, 223, 227,
239, 251, 263, 269, 271, 293, 311, 337, 347, 359, 367}.
For these primes all the arguments in the proof are valid. This implies the
following.
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Corollary 2.2. The assertion of Theorem 2.1 also holds for all 22 primes
in the set S.
Equating degrees in the congruence of Theorem 2.1 yields the following
formula. Let
ap = 1 +
1
2
(
1−
(−1
p
))(
2 +
(
2
p
))
;
so that ap = 1, 2, 4 according as p ≡ 1 mod 4, or p ≡ 3, 7 mod 8.
Theorem 2.3. For primes p ∈ S and for p > 379, the following formula
holds:
aph(−5p) = 420 +
∑
d∈T
4ddeg(H−d(X)) + 4Np,
where Np is the number of irreducible quadratic factors X
2 + aiX + bi of
Jp(X), not dividing any of the factors H−d(X)d (mod p) in Theorem 2.1,
for which Q5(ai, bi) = 0 (mod p).
The factors X2 + aiX + bi of Jp(X) in this theorem, whose count is Np,
occur to only the first power in Φ5(X
p, X) over Fp. See [18, pp. 78, 83, 91,
92]. This yields an easy way of distinguishing them from the other factors
of Jp(X) for which Q5(ai, bi) = 0 in Fp.
3 The endomorphism µ =
√−5l
To prepare the next step in the proof, we solve the equation
g(x) = x4 + ax3 + (11a+ 2)x2 − ax+ 1 = 0
algebraically, using the cubic resolvent for g(x− a4 ):
y3+(
3
4
a2 − 22a− 4)y2 + a
16
(3a− 44)(a2 − 44a− 16)y + a
2
64
(a2 − 44a− 16)2
= (y +
1
4
(a2 − 44a− 16))(y2 + a
2 − 22a
2
y +
a2
16
(a2 − 44a− 16)).
The roots of this cubic are
Θ1 =
−1
4
(a2 − 44a− 16),
Θ2 = −a
(
a
4
− 11 + 5
√
5
2
)
= −a
(a
4
+ ε¯5
)
,
Θ3 = −a
(
a
4
− 11− 5
√
5
2
)
= −a
(a
4
+ ε5
)
.
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Moreover, Θ2Θ3 =
a2
16 (a
2 − 44a− 16) = −a24 Θ1. The roots of g(x) = 0 are
ρ =
−a
4
− ε1
√−Θ1
2
+ ε2
√−Θ2
2
+ ε3
√−Θ3
2
,
where εi = ±1 and an odd number of the εi are +1.
Let the roots ρi be numbered as follows:
ρ1 :=
−a
4
−
√−Θ1
2
+
√−Θ2
2
+
√−Θ3
2
,
ρ2 :=
−a
4
+
√−Θ1
2
+
√−Θ2
2
−
√−Θ3
2
,
ρ3 :=
−a
4
−
√−Θ1
2
−
√−Θ2
2
−
√−Θ3
2
,
ρ4 :=
−a
4
+
√−Θ1
2
−
√−Θ2
2
+
√−Θ3
2
.
Straightforward calculation shows that
−(ρ1 + ρ4) = ε5(ρ1ρ4 − 1), −(ρ2 + ρ3) = ε5(ρ2ρ3 − 1).
It follows that (x− ρ1)(x− ρ4) and (x− ρ2)(x− ρ3) are polynomials of the
form x2 + rx+ s, with r = ε5(s− 1), as in Theorem 1.1B. Further,
−(ρ1 + ρ2) = ε¯5(ρ1ρ2 − 1), −(ρ3 + ρ4) = ε¯5(ρ3ρ4 − 1),
so that (x−ρ1)(x−ρ2) and (x−ρ3)(x−ρ4) have the form x2 + rx+ s, with
r = ε¯5(s− 1).
We also note that ρ3 = −1/ρ1 and ρ4 = −1/ρ2. Thus, the factors of the
form k(x) in Theorem 1.1B and C come in pairs of factors, whose product
has the form g(x). Note also that the roots of g(x) are invariant under
τ(b) = −b+ε
5
ε5b+1
, since
(ε5x+ 1)4g(τ(x)) = 53ε10g(x).
Also, −1/τ(b) = τ¯(b) = −b+ε¯5
ε¯5b+1
.
Now assume b is a root of the factor g(x) = x4+ax3+(11a+2)x2−ax+1
of Hˆ5,l(x) = 0 over Fl. Then E5 = E5(b) is supersingular in characteristic
l. The calculations of [15] imply that E5(b) is isogenous to E5(τ(b)) by an
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isogeny φ of degree 5, for the following reason. By [15, p. 259], there is an
isogeny ψ : E5 → E5,5 defined over Fl(b), where E5,5 = E5,5(b) is the curve
E5,5(b) : Y
2 + (1 + b)XY + 5bY = X3 + 7bX2 + 6(b3 + b2 − b)X
+ b5 + b4 − 10b3 − 29b2 − b,
for which
X(ψ(P )) =
b4 + (3b3 + b4)x+ (3b2 + b3)x2 + (b− b2 − b3)x3 + x5
x2(x+ b)2
, x = X(P ).
Furthermore, E5,5(b) ∼= E5(τ(b)) by an isomorphism ι, since these two curves
have the same j-invariant, namely
j(E5,5(b)) =
(b4 − 228b3 + 494b2 + 228b+ 1)3
b(1− 11b− b2)5 .
The X-coordinate of this isomorphism is defined over Fl2(b), since it is given
by ι(X1, Y1) = (X2, Y2), where
ι(X1) = X2 = λ
2X1 + λ
2 b
2 + 30b+ 1
12
− τ(b)
2 + 6τ(b) + 1
12
,
with λ2 =
√
5ε¯5
(b− ε¯5)2 . Composing the isogeny ψ with this isomorphism ι
gives the isogeny φ = ι ◦ ψ.
Lemma 3.1. Let φ : E5(b)→ E5(τ(b)) be the isogeny defined above, and let
φ˜ : E5(τ(b)) → E5(b) be the corresponding isogeny, gotten by replacing b in
the formulas for φ by τ(b) (leaving
√
5 fixed). Then φ˜ ◦ φ = α ◦ [5], where
α ∈ Aut(E5(b)) and [5] is the multiplication-by-5 map on E5(b). Thus, if
j(E5(b)) 6= 0, 1728, α = ±1 and φ˜ = ±φˆ, where φˆ is the dual isogeny of φ.
Proof. The following formula from [19] gives the X-coordinate on E5(b) for
a point P of order 5, which does not lie in 〈(0, 0)〉:
X(P ) =
−ε4
2
(−2u2 + (1 +√5)u− 3√5− 7)(2u2 + (2√5 + 4)u+ 3√5 + 7)
(−2u2 + (√5 + 1)u− 2)(u+ 1)2 ,
where
u5 = −b− ε¯
5
b− ε5 .
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A calculation on Maple shows that
X(ψ(P )) =
−5 +√5
10
(b2 + ε4b+ ε¯2).
Then the above formula for ι gives X2 = ι(X(ψ(P ))) = 0. Hence, the point
P maps to φ(P ) = ±(0, 0) on E5(τ(b)). Now the kernel of ψ is the group
〈(0, 0)〉 on E5(b), so ker(φ) = 〈(0, 0)〉, whence it follows that ker(φ˜) = 〈(0, 0)〉
on E5(τ(b)). But the point P /∈ 〈(0, 0)〉, so (0, 0) and P generate E5(b)[5].
Since φ˜ ◦ φ(P ) = φ˜(±(0, 0)) = O on E5(b), we have ker(φ˜ ◦ φ) = E5(b)[5].
Since this is also the kernel of the multiplication-by-5 map on E5(b), it
follows that φ˜ ◦ φ = α ◦ [5] in End(E5(b)), for some automorphism α of
E5(b). Since l > 5, the only possibility for j(E5) 6= 0, 1728 is α = ±[1]. This
proves the lemma. (See [26, pp. 73-74, 103].) 
Remark. The minimal polynomials of the only values of b, for which
j(E5(b)) = 0, 1728, divide the respective polynomials
c4(x) = x
4 + 12x3 + 14x2 − 12x+ 1,
c6(x) = − (x2 + 1)2(x4 + 18x3 + 74x2 − 18x+ 1).
The quartic factor of c6(x) only has the form of g(x) in characteristic l > 5
if l = 7, and c4(x) never has the form of g(x), for characteristic l > 5. Note
also that the discriminants of these quartic polynomials are only divisible
by the primes 2, 3, 5, so neither can be the square of a factor of the form
k(x), for p > 5.
Suppose that l ≡ 1, 4 mod 5 and g(x) factors into irreducible quadratics
over Fl of the form given in Theorem 1.1B or C, with r = ε5(s − 1). In
this case λ ∈ Fl2 , so ψ is certainly defined over Fl2 . An easy calculation
shows that τ permutes the roots of x2 + rx+ s and therefore τ(b) = bl over
Fl, since τ(b) 6= b are conjugates over Fl. (The only exception to this is
k(x) = x2 + (11 + 5
√
5)x− 1, whose roots are the fixed points of τ(x). The
square k(x)2 has the form of the polynomial g(x) when l ≡ ±1 mod 5; but
k(x) | x4 + 22x3 − 6x2 − 22x + 1, which does not have the form g(x) when
l > 5.) Then µ = φl : (X,Y ) → (φ(X)l, φ(Y )l) is an endomorphism of
E5(b), and if P = (x, y),
µ2(P ) = [φ(φ(P )l)]l = (±φ˜ ◦ φ(P ))l2 ,
where φ˜ is the isogeny from Lemma 3.1, obtained by replacing b by τ(b) = bl
in the formulas for φ (and leaving
√
5 fixed). By Lemma 3.1 and the above
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remark, φ˜ ◦ φ = ±[5], so that µ2 = ±5l in End(E5(b)) (using that E5(b) is
supersingular; see [6, pp. 86-87]). But End(E5(b)) is a definite quaternion
algebra, so that µ = φl satisfies µ2 = −5l and µ = ±√−5l. The same
conclusion holds if r = ε¯5(s− 1) and τ¯(b) = bl.
On the other hand, suppose that l ≡ 2, 3 (mod 5), and assume g(x) is
an irreducible factor of Hˆ5,l(X) = 0 over Fl. In this case the isogeny φ
is defined over Fl(b) = Fl4 , where b is a root of g(x) = 0. The map σ =(
b→ τ(b) = −b+ε5
ε5b+1
,
√
5→ −√5
)
is an automorphism of order 4 of Fl4/Fl,
satisfying σ2 = (b → −1/b). Hence, τ(b) = bl or σ3(b) = −1/τ(b) = τ¯(b) =
bl.
In the first case, the isogeny φ¯ : E5(b)→ E5(τ¯(b)) = E5(bl3) is obtained
by replacing
√
5 by −√5 in the formulas for φ. By Lemma 3.1, the isogeny
˜¯φ : E5(b
l3) → E5(b) can be obtained by replacing b by τ¯(b) in the formulas
for φ¯. If the coefficients c in φ¯ are replaced by cl
3
, this doesn’t result in ˜¯φ,
but in an isogeny φˇ taking E5(τ¯(b)) to E5(τ(τ¯(b))) = E5(−1/b) = E5(bl2).
However, it is still the case that ker(φˇ) = 〈(0, 0)〉 in E5(τ¯(b)). Hence, if
µ = φ¯l, we have that µ ∈ End(E5(b)), and the endomorphism µ2 given by
µ2(P ) = [φ¯(φ¯(P )l)]l = (±φˇ ◦ φ¯(P ))l2
still has the kernel E5(b)[5]. As in the proof of Lemma 3.1, we conclude that
µ2 = −5l in End(E5(b)) (in characteristic l > 7). A similar argument works
if τ¯(b) = bl. This proves the following.
Theorem 3.2. If l > 7 is a prime, then for any root b of an irreducible
factor of Hˆ5,l(x) over Fl of the form
g(x) = x4 + ax3 + (11a+ 2)x2 − ax+ 1,
or of the form k(x) = x2 + rx+ s with r = ε5(s− 1) or r = ε¯5(s− 1), there
is a multiplier µ ∈ End(E5(b)) satisfying µ2 = −5l.
Now Deuring’s lifting theorem [10] yields the following theorem.
Theorem 3.3. If l > 7 is a prime, any irreducible factor of Hˆ5,l(x) over Fl
of the form
g(x) = x4 + ax3 + (11a+ 2)x2 − ax+ 1 or k(x) = x2 + rx+ s,
with r = ε5(s− 1) or r = ε¯5(s− 1), arises by reduction as a factor of
Fd(x) = x
5h(−d)(1− 11x− x2)h(−d)H−d(j(x)) modulo l,
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with
j(x) =
(x4 + 12x3 + 14x2 − 12x+ 1)3
x5(1− 11x− x2) ,
for one of the discriminants −d = −5l or −d = −20l.
The factors k(x) = x2+(11±5√5)x−1 mentioned above are also covered
by the statements in these two theorems, since
F20(x) = (x
4 + 22x3 − 6x2 − 22x+ 1)(x20 + 50x19 + 1150x18 + 14550x17
+ 118525x16 + 1746272x15 + 34835400x14 + 376573200x13
+ 1950875650x12 + 4311023700x11 + 2400976244x10 − 4311023700x9
+ 1950875650x8 − 376573200x7 + 34835400x6 − 1746272x5
+ 118525x4 − 14550x3 + 1150x2 − 50x+ 1),
when 20 = 1, i.e. when p ≡ ±1 (mod 5) and p ≡ 3 (mod 4).
4 Analyzing the special factors of K5l(X)
By Theorem 3.3, the j-invariants corresponding to factors of the form g(x)
or k(x) of Hˆ5,l(x) over Fl are reductions of roots of K5l(X). In this section
we will show that each of the factors H−d(X)4d (d ∈ T) in Theorem 2.1
yields deg(H−d(X)) factors of the form g(x), when l ≡ 2, 3 mod 5, and
2deg(H−d(X)) factors of the form k(x) when l ≡ 1, 4 mod 5.
We start with the case l ≡ 2, 3 mod 5. Define
Fd(x) = x
5h(−d)(1− 11x− x2)h(−d)H−d(j(x)),
where
j(x) =
(x4 + 12x3 + 14x2 − 12x+ 1)3
x5(1− 11x− x2) .
First, 20 = 0 for the prime l, so we can ignore F20(x) for these primes. For
the linear class equations, we have
F4(x) = (x
2 + 1)2(x4 + 18x3 + 74x2 − 18x+ 1)2,
F11(x) = (x
4 + 4x3 + 46x2 − 4x+ 1)
× (x8 + 32x7 + 300x6 + 32x5 − 8026x4 − 32x3 + 300x2 − 32x+ 1),
F16(x) = (x
4 + 18x3 + 200x2 − 18x+ 1)
× (x8 + 18x7 − 50x6 + 18x5 + 15774x4 − 18x3 − 50x2 − 18x+ 1),
F19(x) = (x
4 + 36x3 + 398x2 − 36x+ 1)(x8 + 76x6 − 24474x4 + 76x2 + 1).
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The factor (x2 +1)2 is a reducible polynomial of the form g(x), while the last
three quartics are irreducible polynomials of the form g(x) in characteristic
zero. These polynomials are denoted by Qd(x) in [20, Prop. 4.1], and are
irreducible factors of Fd(x) of degree 4h(−d), for any d > 4 satisfying d ≡ ±1
(mod 5).
The discriminants of these three quartics are, respectively,
disc(Q11(x)) = 2
1253112,
disc(Q16(x)) = 2
63453114,
disc(Q19(x)) = 2
123453192.
If d = 1 for a prime l > 19, then their reductions (mod l) must divide
Hˆ5,l(x). But [15, Thm. 6.2] asserts that Hˆ5,l(x) can only have irreducible
factors which are either quartic or x2 + 1. If one of these factors were
reducible (mod l), then it would have to factor as (x2 + 1)2 (mod l), which
is impossible for l > 19. Hence, each of these quartics yields an irreducible
g(x) mod l for any prime l for which the corresponding d = 1.
On the other hand, the remaining polynomials in the above factorizations
are not divisible by polynomials over Fl of the form g(x) for large enough
primes, by the following argument. This is obvious for the quartic factor of
F4(x), when l does not divide 11 · 18 + 2− 74 = 2 · 32 · 7. If
f11(x) = x
8 + 32x7 + 300x6 + 32x5 − 8026x4 − 32x3 + 300x2 − 32x+ 1
is divisible (mod l) by a factor of the form g(x) = x4+tx3+(11t+2)x2−tx+1,
then since x8f11(−1/x) = f11(x) and x4g(−1/x) = g(x), we can write
f11(x) = x
4f˜11
(
x− 1
x
)
, f˜11(x) = x
4 + 32x3 + 304x2 + 128x− 7424,
g(x) = x2g˜
(
x− 1
x
)
, g˜(x) = x2 + tx+ 11t+ 4.
Then g(x) | f11(x) implies g˜(x) | f˜11(x) (mod l). On the other hand, the
remainder on dividing f˜11(x) by g˜(x) is
r11(x) = (−t3 + 54t2 − 648t)x− 11t3 + 469t2 − 3128t− 8624.
If this is 0 (mod l), then l must divide the resultant of the coefficients in t,
which is
Rest(−t3 +54t2−648t,−11t3 +469t2−3128t−8624) = −21773 ·11 ·13 ·19 ·43.
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It follows that f11(x) contributes no irreducible factors of the form g(x)
to Hˆ5,l(x), for l > 43. The same argument works for the 8-th degree fac-
tors f16(x) and f19(x) in the above factorizations, since the corresponding
resultants are
Rest(−t3 + 40t2 − 144t,−11t3 + 315t2 + 666t+ 15876) = 263973 · 19 · 43 · 67;
Rest(−t3 + 22t2 − 72t,−11t3 + 117t2 − 792t− 24624) = 21739 · 13 · 19 · 67.
This proves that there is one irreducible factor of the form g(x) dividing
Hˆ5,l(x) for each of the factors H−d(X)4d (when d = 1), for d = 11, 16, 19,
and no such factors for H−4(X)44 , for l > 67. For l ≡ 1 (mod 4), this gives
one factor g(x) for each linear factor H−d(x) dividing K5l(x); and for l ≡ 3
(mod 4), one less than that, since H4(x)
4 divides K5l(x) but does not yield
a factor g(x).
Consider next the quadratic class equations H−d(X), for d one of the
integers in {24, 36, 51, 64, 91, 99}. We see first that
F24(x) = (x
8 − 12x7 + 16x6 + 3156x5 + 16878x4 − 3156x3 + 16x2 + 12x+ 1)
× (x16 + 84x15 + 3236x14 + 73860x13 + 983188x12 + 6801300x11
+ 18487964x10 + 6727524x9 + 78893398x8 − 6727524x7 + 18487964x6
− 6801300x5 + 983188x4 − 73860x3 + 3236x2 − 84x+ 1)
= Q24(x)f24(x),
where 24 = 1 when
(−6
l
)
=
(
2
l
)
= −1, so that (−3l ) = +1. Now the 8-th
degree factor Q24(x) is the product of
g24(x) = x
4 + (−6 + 6√−3)x3 + (−64 + 66√−3)x2 + (6− 6√−3)x+ 1
and its conjugate over Q. Since
(−3
l
)
= +1, these two factors give two
irreducible factors of the form g(x) mod l, when l > 19, the largest prime
dividing disc(Q24(x)). On the other hand, transforming f24(x) as we did
above to yield the 8-th degree polynomial
f˜24(x) = x
8 + 84x7 + 3244x6 + 74448x5 + 1002624x4 + 7171776x3
+ 22449856x2 + 27501312x+ 117842176,
the remainder of f˜24(x) on dividing by g˜(x) is A24(t)x+B24(t), with
A24(t) = − t7 + 150t6 − 9050t5 + 280932t4 − 4646880t3 + 36376128t2
− 86966784t,
B24(t) = − 11t7 + 1525t6 − 83550t5 + 2295377t4 − 31830180t3 + 178683408t2
− 134106624t+ 43877376.
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We compute that
Rest(A24(t), B24(t)) = −24732313417·19523337·41·43247·61·67·71·89·109·113.
Hence, F24(x) contributes exactly 2 = deg(H−24(x)) irreducible quadratics
of the form g(x), for l > 113, when 24 = 1.
The same pattern of argument works for the remaining integers in the
set {24, 36, 51, 64, 91, 99}. For each such d, Fd(x) contributes exactly 2 =
deg(H−d(x)) irreducible quadratics of the form g(x), for primes l greater
than the largest of the primes dividing the corresponding resultants R(d) =
Res(Ad(t), Bd(t)), where rd = Ad(t)x + Bd(t) is the remainder on dividing
the corresponding 8-th degree polynomial f˜d(x) by g˜(x). The results are
given in Tables 1 and 2. Table 1 contains the quartic polynomials which are
factors of each Qd(x) and reduce to polynomials of the form g(x) mod l, and
Table 2 lists the factorizations of the resultants R(d). Table 3 contains the
discriminants of the polynomials Qd(x).
A similar argument works for d = 84 and d = 96. The condition 84 = 1
implies that (−84
l
)
=
(
3
l
)
=
(
7
l
)
= −1,
hence l ≡ 3 (mod 4) and(
21
l
)
=
(−3
l
)
=
(−7
l
)
= +1.
Thus, the polynomial listed in Table 1 for d = 84 reduces to an irreducible
g(x) (mod l), and for l > 79, taking its conjugates (over Q) gives four
distinct quartic factors of Hˆ5,l(x) of this form. A similar argument applies
for d = 96, since in this case(−96
l
)
=
(
2
l
)
=
(
3
l
)
= −1,
in order for 96 = 1, which implies once again that l ≡ 3 (mod 4) and(
6
l
)
=
(−2
l
)
=
(−3
l
)
= +1.
To complete the argument in these cases, we transform the cofactor fd(x)
in the factorization Fd(x) = Qd(x)fd(x), obtaining f˜d(x) of degree 16, and
divide by g˜(x) to obtain the remainder rd = Ad(t)x+Bd(t), as before. Then
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Table 1: Quartic factors gd(x) over Fl.
d gd(x) = x
4 + ax3 + (11a+ 2)x2 − ax+ 1
11 x4 + 4x3 + 46x2 − 4x+ 1
16 x4 + 18x3 + 200x2 − 18x+ 1
19 x4 + 36x3 + 398x2 − 36x+ 1
24 x4 − (6− 6√−3)x3 + (−64 + 66√−3)x2 + (6− 6√−3)x+ 1
36 x4 + (30 + 22
√−3)x3 + (332 + 242√−3)x2 − (30 + 22√−3)x+ 1
51 x4 − (12− 48√−3)x3 + (−130 + 528√−3)x2 + (12− 48√−3)x+ 1
64 x4 − (108− 63√−2)x3 + (−1186 + 693√−2)x2 + (108− 63√−2)x+ 1
91 x4 − (108− 144√−7)x3 + (−1186 + 1584√−7)x2 + (108− 144√−7)x+ 1
99 x4 + (436 + 176
√−3)x3 + (4798 + 1936√−3)x2 − (436 + 176√−3)x+ 1
84 x4 − (117 + 57√−3 + 27√21 + 33√−7)x3 − (1285 + 627√−3
+297
√
21 + 363
√−7)x2 + (117 + 57√−3 + 27√21 + 33√−7)x+ 1
96 x4 + (81 + 159
√−2 + 129√−3 + 33√6)x3 + (893 + 1749√−2
+1419
√−3 + 363√6)x2 − (81 + 159√−2 + 129√−3 + 33√6)x+ 1
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Table 2: Prime factorization of R(d) = Res(Ad(t), Bd(t)).
d R(d) (Primes with d = 1 in bold.)
20 269527119138174196314373 · 53 · 59 · 71 · 732 · 792 · 97
24 −24732313417 · 19523337 · 41 · 43247 · 61 · 67 · 71 · 89 · 109 · 113
36 25231071111619323 · 31 · 432 · 67 · 71 · 79 · 83 · 107 · 127 · 139 · 151 · 163
·167
51 −275324711172 · 31 · 37 · 47253 · 59 · 61 · 79 · 83 · 139 · 163 · 179 · 211
64 214334712113195 · 23 · 312432 · 59 · 67 · 79 · 127 · 139 · 151 · 163 · 167 · 211
·223 · 283 · 307
91 27433777113134 · 17 · 37 · 612 · 67 · 71 · 103 · 109 · 139 · 151 · 163 · 283 · 331
·379
99 27571111 · 13417 · 193293412432 · 61 · 79 · 832 · 1072 · 109 · 127 · 139 · 211
·227 · 283 · 307 · 347
84 21923847241322291043847553 · 595613673732792835973 · 113 · 127 · 1312 · 137
·149 · 151 · 157 · 163 · 1672 · 181 · 197 · 2112 · 227 · 229 · 2332 · 241 · 281 · 311
·313 · 317 · 331 · 349 · 379 · 383 · 389 · 397 · 401 · 409
96 −2104389132217619142312377416438474616677712 · 89 · 1093113213721394 · 163
·167 · 211 · 229 · 239 · 257 · 2632 · 2772 · 281 · 283 · 307 · 331 · 349 · 353 · 359
·373 · 379 · 383 · 397 · 401 · 421 · 431 · 449
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Table 3: Discriminant of Qd(x).
d disc(Qd(x)) d disc(Qd(x))
11 21253112 19 2123453192
16 263453114
24 244316518194 64 21832451878118194594
36 2483651874118314 91 26432451874118134714
51 26431651874314 99 26434518741112198794
84 21923645847201316298598794 96 29637258413161716198418618718
the resultant R(d) for these two cases is given in Table 2. Moreover, we only
need to exclude the primes in bold in Table 2, since the non-bold primes
have d = 0. Keeping Theorem 2.1 and Corollary 2.2 in mind, this proves
the following.
Proposition 4.1. When l ≡ 2, 3 (mod 5) and l ∈ S or l > 379, each
of the factors H−d(X)4d of K5l(X) in Theorem 2.1 contributes exactly
deg(H−d(X)) irreducible factors of the form g(x) in Theorem 3.3 to the
factorization of Hˆ5,l(x) (mod l), except for the factor H−4(X)44 when l ≡ 3
(mod 4).
If we prove that each of the remaining factors (X2+aiX+bi)
2 in Theorem
2.1 contributes only one irreducible factor of the form g(x), then this will
prove Theorem 1.1A for l ∈ S or l > 379. Namely, the above discussion
gives exactly N = 14deg(K5l(X)) =
h(−5l)
4 factors g(x) when l ≡ 1 mod 4,
and N−1 = 14(h(−5l)+h(−20l)−4) such factors when l ≡ 3 mod 4. For the
latter primes, h(−5l) = h(−5l) and h(−20l) = h(−5l) or 3h(−5l) according
as
(−5l
2
)
= +1 or −1, which implies the formulas of Theorem 1.1A. This
yields all the irreducible factors g(x) of Hˆ5,l(x) by Theorem 3.3.
We turn now to the primes l ≡ 1, 4 (mod 5).
Proposition 4.2. If l ≡ ±1 (mod 5) and l > 79, then for d ∈ T, the
polynomial gd(x) in Table 1 is a product of two irreducible polynomials over
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Fl of the form k(x) = x2 + rx+ s, where r = ε5(s− 1) or r = ε¯5(s− 1).
Proof. This follows from the computations at the beginning of Section 3,
according to which the roots of gd(x) are linear combinations of the square-
roots
√−Θi, where Θ2Θ3 = −a24 Θ1, and
−Θ1 = 1
4
(a2 − 44a− 16).
Each of the Θi lies in Fl, for primes l ≡ ±1 (mod 5), and none is zero in
Fl, since the largest prime factor of any value NQ(a) in Table 4 is 19, and
the largest prime factor of any value NQ(a
2− 44a− 16) is 79. Moreover, the
final column in Table 4 shows that in every case,
(−Θ1
l
)
=
(−d
l
)
= −1,
so that −Θ1 is always a quadratic nonresidue (mod l). Hence, one of −Θ2
and −Θ3 is a quadratic residue, and one is a quadratic nonresidue. If −Θ2
is a quadratic residue, then
x2 + rx+ s = (x− ρ1)(x− ρ2) x2 + r′x+ s′ = (x− ρ3)(x− ρ4)
are factors of gd(x) over Fl with r = ε¯5(s − 1) and r′ = ε¯5(s′ − 1); while if
−Θ3 is a quadratic residue, then
x2 + rx+ s = (x− ρ1)(x− ρ4) x2 + r′x+ s′ = (x− ρ2)(x− ρ3)
are factors of gd(x) over Fl with r = ε5(s − 1) and r′ = ε5(s′ − 1). These
factors are irreducible over Fl in every case, since the Pellet-Stickelberger-
Voronoi Theorem (see [6, Appendix]) implies that gd(x) has an even number
of irreducible factors. This is because disc(gd(x)) = 125a
2(a2 − 44a − 16)2
is always a square in Fl, and the PSV Theorem says that(
disc(gd(x))
l
)
= (−1)4+r,
where r is the number of irreducible factors (mod l). We know that r ≥ 2. If
r = 4, then all the roots ρi ∈ Fl, implying that all the numbers −Θi would
be squares (mod l), which is not the case. Therefore, r = 2 and we get
two distinct factors of the form k(x) = x2 + rx + s satisfying the required
conditions, for each factor gd(x) in Table 1. This proves the proposition. 
When l ≡ 3 mod 4, the factor k(x) = x2 + 1 divides F4(x), and is
certainly a factor of Hˆ5,l(x). Moreover, in this case 20 = 1, and F20(x) is
divisible by Q20(x) = x
4 + 22x3 − 6x2 − 22x + 1 = (x2 + (11 + 5√5)x −
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Table 4: −4Θ1 = a2 − 44a− 16 for a in gd(x).
d a a2 − 44a− 16
11 4 −24 · 11
16 18 −22 · 112
19 36 −24 · 19
24 −6 + 6√−3 25
(
7−3√−3
2
)2
36 30 + 22
√−3 −26
(
11−√−3
2
)2
51 −12 + 48√−3 24(17)(2− 3√−3)2
64 −108 + 63√−2 −(90 + 91√−2)2
91 −108 + 144√−7 24(13)(9− 10√−7)2
99 436 + 176
√−3 −24(11)(23− 18√−3)2
84 −117− 57√−3− 27√21− 33√−7 −(−104 + 78√−3− 18√21 + 48√−7)2
96 81 + 159
√−2 + 129√−3 + 33√6 −(−221 + 51√−2 + 39√−3− 93√6)2
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1)(x2 + (11 − 5√5)x − 1), which is a product of two factors of the form
k(x) = x2 + rx+ s. Also,
disc(x2 + (11 + 5
√
5)x− 1) = 250 + 110
√
5 = 22
√
5
3
(
1 +
√
5
2
)5
.
Thus, q(x) = x2 + (11 + 5
√
5)x − 1 factors into linear factors (mod l)
if
(
(5+
√
5)/2
l
)
= +1 and is irreducible (mod l) otherwise. Now L2 =
Q
(√
5+
√
5
2
)
is the real subfield of the field Q(ζ20) (see [21, p. 6]). It corre-
sponds by class field theory to the congruence subgroup H = {±1 mod 20} ⊂
(Z/20Z)×. If l ≡ 3 (mod 4) and l ≡ 4 (mod 5), then l ≡ 19 (mod 20) so
the polynomial Q20(x) splits, and d = 20 yields no factors of the form k(x).
On the other hand, if l ≡ 3 (mod 4) and l ≡ 1 (mod 5), then l ≡ 11 (mod
20), and l has order 2 modulo H, implying that Q20(x) is a product of two
irreducible polynomials (mod l). Thus, d = 20 yields two factors of the form
k(x), when l ≡ 1 (mod 5).
Aside from the quadratic factors of Q20(x), the factor k(x) = x
2 +rx+s
always occurs with its companion k¯(x) = 1sx
2k(−1/x) = x2 − rsx + 1s , such
that k(x)k¯(x) = g(x) is a polynomial of the form g(x). Since the roots of
each cofactor fd(x) are stable under the mapping x → −1/x, the previous
calculation shows that none of these cofactors are divisible by a polynomial
of the form k(x), for l ∈ S or l > 379. It is only necessary to check that
f20(x) is also not divisible by a polynomial of the form g(x) modulo any of
these primes, and this follows from the entry R(20) in Table 2.
If we can show that each of the factors (X2 + aiX + bi)
2 in Theorem
2.1 yields two factors of the form k(x), then we can complete the proof of
Theorems 1.1B and C as follows. For each of the factors H−d(X)4d with
d 6= 4, we have 2deg(H−d(X)) factors of the form k(x). By the above
comments, this gives a total of∑
d∈T−{4}
2ddeg(H−d(X)) +
∑
X2+aiX+bi
2 + 4(1 + 2δl,1),
factors of the form k(x), where δl,1 = 1 if l ≡ 1 (mod 5) and is 0 otherwise.
But this latter expression equals
1
2
(deg(K5l(X))− 420 − 44) + 4(1 + 2δl,1) = al
2
h(−5l)− 34 + 24δl,1,
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where the last equality follows from 4 = 20. This equals
al
2 h(−5l) if l ≡ 1
(mod 4); al2 h(−5l)− 3 if l ≡ 3 (mod 4) and l ≡ 4 (mod 5); and al2 h(−5l)− 1
if l ≡ 3 (mod 4) and l ≡ 1 (mod 5). This yields the formulas of Theorem
1.1B and C, for l ∈ S or l > 379.
5 Values of r(τ) over Q(
√−5l)
In this section we prove that each factor (X2 + aiX + bi)
2 in Theorem 2.1
yields at least one factor of the form g(x), or two factors of the form k(x),
for the appropriate congruence conditions on l. Let r(τ) denote the Rogers-
Ramanujan continued fraction:
r(τ) =
q1/5
1 + q
1+ q
2
1+
q3
1+···
=
q1/5
1+
q
1+
q2
1+
q3
1+
. . . ,
= q1/5
∏
n≥1
(1− qn)(n/5), q = e2piiτ , τ ∈ H.
See [1], [2], [13].
Proposition 5.1. (a) If l ≡ 3 (mod 4) and
τ1 =
5 +
√−5l
10
,
then ρ1 = r(τ1)
5 is a real algebraic number of degree 2h(−5l) over Q, con-
tained in the ray class field Σ℘5, where ℘
2
5
∼= 5 in K = Q(√−5l). Moreover,
Σ℘5 = K(ρ1).
(b) Let f = 1, if l ≡ 1 (mod 4); and f = 2, if l ≡ 3 (mod 4). If
τ2 =
√−5l
5
,
then ρ2 = r(τ2)
5 is a real algebraic number of degree 2h(−20l) over Q,
contained in the class field Σ℘5Ωf . Moreover, Σ℘5Ωf = K(ρ2).
Proof. (a) We first recall the identity
1
r5(τ)
− 11− r5(τ) =
(
η(τ)
η(5τ)
)6
,
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where η(τ) is the Dedekind η-function. From Schertz [25, p. 159], applied to
the function
(
η(w/5)
η(w)
)6
γ3(w)
2, with w = 5τ1, we have that λ =
(
η(τ1)
η(5τ1)
)6 ∈
Σ, the Hilbert class field of K, and
q(r5(τ1), λ) = r
10(τ1) + (11 + λ)r
5(τ1)− 1 = 0.
The discriminant of the quadratic q(x, λ) = x2 + (11 + λ)x− 1 ∈ Σ[x] is
(11 + λ)2 + 4 = 125 + 22λ+ λ2 ∼= ℘35b, (℘5, b) = 1,
using the fact that λ ∼= ℘35 from Deuring’s treatise [12, p. 43] and that
125 = 53 ∼= ℘65. Now ℘5 is unramified in Σ/K, so is not the square of a
divisor in Σ. It follows that q(x, λ) is irreducible over Σ, so that ρ1 generates
a quadratic extension of Σ. Also,
q1 = e
2piiτ1 = epii−
√
5l
5
pi = −e−
√
5l
5
pi
is real, so that r(τ1)
5 ∈ R.
Now by Thm. 15.16 in [9] (a result of Cho [7]), the fact that r5(τ) lies in
the field F5 of modular functions for Γ(5) implies that r
5(τ1) ∈ LOK ,5 = Σ5,
where Σ5 is the ray class field for the conductor f = (5). On the other hand,
[Σ5 : Σ] =
ϕK(5)
2 = 10, and therefore ρ1 generates the unique quadratic
subfield of Σ5/Σ, which is Σ℘5 . In particular, Q(ρ1) ⊆ Σ+℘5 , the real subfield
of the normal extension Σ℘5/Q. Note that [Σ+℘5 : Q] = 2h(−5l).
Further, the quantity j(τ1) is determined by the identity
j(τ) =
(r20 − 228r15 + 494r10 + 228r5 + 1)3
r5(1− 11r5 − r10)5 , r = r(τ). (5.1)
Hence, j(τ1) ∈ Q(r5(τ1)), so that ρ1 = r5(τ1) has degree h(−5l) or 2h(−5l)
over Q. Since ρ1 /∈ Σ+ = Q(j(τ1)), the latter must hold. Finally, the fact
that ρ1 is real implies that K(ρ1) = KQ(ρ1) = KΣ+℘5 = Σ℘5 . This completes
the proof.
(b) The same arguments work for part (b), if Σ,Σ5 and Σ℘5 are replaced
everywhere by Ω2,Σ5Ω2 and Σ℘5Ω2, when l ≡ 3 (mod 4). In this case, LOK ,5
is also to be replaced by LO2,5, where O2 = R−20l is the order of discriminant
−20l in K and h(−20l) is its class number. 
In the next lemma we use the following notation from [20, p. 1184]. Let
z(τ) = r5(τ)− r−5(τ), τ ∈ H,
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so that
z(τk) = −11− λ(τk).
From [20, pp. 1180, 1184] we have
j(τ) = −(z(τ)
2 + 12z(τ) + 16)3
z(τ) + 11
.
Lemma 5.2. For a given ideal a = (a,w) ⊆ R−d (d = 5l or 20l) with ideal
basis quotient τ = w/a, where (a, f) = 1 and 5a | N(w), there is a unique
value of z1 ∈ Ωf for which
J(z1) = −(z
2
1 + 12z1 + 16)
3
z1 + 11
= j(w/a)
and z1 + 11 ∼= ℘35, and this value is z1 = z(τ)σ
−1
, where σ =
(
Ωf/K
aRK
)
.
Proof. This is proved as in Lemma 2.2 in [20]. The proof here, in the
situation that 5 | d, differs only in how the contradiction is obtained. In the
proof given in [20], I derived the equations
t5 + 5t4 + 15t3 + 25t2 + 25t+
125
z1 + 11
= 0, t6 = 53
z2 + 11
z1 + 11
,
assuming that there is some value z2 ∈ Ωf different from z1 = z(τ)σ−1 for
which J(z2) = J(z1) and z2 + 11 ∼= z1 + 11. In the present situation, 5 ∼= ℘25
in the field K = Q(
√−5l), and ℘5 is unramified in the field Ωf (= Σ or
Ω2). The assumptions on z2 imply that t
6 ∼= ℘65, and therefore t ∼= ℘5.
Furthermore, if p is a prime divisor of ℘5 in Ω
′ = Ωf (t), then p divides the
algebraic integer t, which implies in turn that
p5 | θ = t5 + 5t4 + 15t3 + 25t2 + 25t.
But then p5 | 125z1+11 ∼= ℘35, which implies that p2 | ℘5, so that ℘5 is ramified
in Ω′/K. Let e ≥ 2 denote the ramification index of p over ℘5. Then pe||t.
But this implies that p5e | θ, while p3e exactly divides 125z1+11 = −θ. This
contradiction establishes that no such z2, distinct from z1, exists. 
Note that when l ≡ 3 mod 4 and f = 1, the quantities −1τ1 =
−5+√−5l
2((5+l)/4)
and −15τ1 =
−5+√−5l
2((52+5l)/4)
are basis quotients for ideals a = (5+l4 ,
−5+√−5l
2 ) with
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norm N(a) = 5+l4 and ℘5a with norm N(℘5a) =
52+5l
4 . In this case, we have
that
℘5a =
(
5(5 + l)
4
,
−5 +√−5l
2
)
=
(−5 +√−5l
2
)
.
When l ≡ 1 (mod 4) or l ≡ 3 (mod 4) and f = 2, −1τ2 =
√−5l
l and
−1
5τ2
=
√−5l
5l
are basis quotients for the ideals l = (l,
√−5l) and ℘5l = (5l,
√−5l) =
(
√−5l), respectively. Let a denote the ideal l in this case, so that ℘5a ∼ 1
(mod f). It is clear that l ∼ ℘5 in K, so we also have a ∼ l when l ≡ 3 (mod
4) and f = 1.
The same arguments as above show that the quantities r5(−1/(5τk)) are
quadratic over Ωf and lie in Σ℘5Ωf ; this also follows from the identity
r5
(−1
5τ
)
=
−r5(τ) + ε5
ε5r5(τ) + 1
.
Since
j
(−1
5τk
)
= j(℘5a) = j(℘5)
σ−1a = j(τk)
σ−1a ,
where σa =
(
Ωf/K
a
)
, Lemma 5.2 implies that
z
(−1
5τk
)
= z(τk)
σ−1a ,
and therefore also
λ′ = λ
(−1
5τk
)
= λ(τk)
σ−1a .
Note that λ′ = λ
(
−1
5τk
)
= 5
3
λ(τk)
by the transformation formula η(−1/τ) =√
τ
i η(τ). Thus, λ
′ and λ are conjugate values over K and
(x2 + (11+λ)x− 1)(x2 + (11 + λ′)x− 1)
= (x2 + (11 + λ)x− 1)(x2 + (11 + 5
3
λ
)x− 1)
= x4 + (22 + λ+
53
λ
)x3 + [11(22 + λ+
53
λ
) + 2]x2
− (22 + λ+ 5
3
λ
)x+ 1
= x4 + j∗5(τk)x
3 + (11j∗5(τk) + 2)x
2 − j∗5(τk)x+ 1,
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where the modular function j∗5(τ) is defined by
j∗5(τ) =
(
η(τ)
η(5τ)
)6
+ 22 + 125
(
η(5τ)
η(τ)
)6
,
as in [22] (see also [21]). This, together with the proof of Proposition 5.1,
implies that
g(x) = x4 + j∗5(τk)x
3 + (11j∗5(τk) + 2)x
2 − j∗5(τk)x+ 1
divides the minimal polynomial of r5(τk) over K.
However, a ∼ ℘5 (mod f) implies that σa = σ℘5 and σa has order 2.
Then
j∗5(τk) = 22 + λ+
53
λ
= −z(τk)− z(τk)σ℘5 ,
so that j∗5(τk) ∈ L, the fixed field of the subgroup 〈σ℘5〉 of Gal(Ωf/K). Now
[Σ℘5Ωf : L] = 4 implies that g(x) is the minimal polynomial of ρk = r
5(τk)
over L. The fact that the coefficients of g(x) are linear expressions in j∗5(τk)
implies that
L = K(j∗5(τk)) with 〈σ℘5〉 = Gal(Ωf/L).
It follows from Artin Reciprocity that a prime ideal p of K splits in L if and
only if p ∼ 1 or ℘5 (mod f). In particular, l ∼ ℘5 (mod f), so that:
l splits in the field L.
If q is any prime divisor of l in L, then j∗5(τk) (mod q) lies in the prime field
Fl, so that the coefficients of g(x) (mod q) also lie in Fl.
If l ≡ 2, 3 (mod 5), then l2 = (l) implies that l has order 4 in the ray
class group C℘5 modulo ℘5 in K. If l ≡ ±1 (mod 5), then l has order 2 in
C℘5 . In the first case, a prime divisor q of l in L is inert in Σ℘5Ωf , so that
g(x) is irreducible over the completion Lq, and therefore factors mod q as a
power of an irreducible polynomial over RL/q ∼= Z/lZ. In the second case, q
splits into two primes of relative (and absolute) degree 2 in Σ℘5Ωf , so that
g(x) splits into two irreducible quadratics over Lq. (See [14, pp. 288-289,
292].)
Now consider the polynomial G(x, j) from [21, Section 2.2]:
G(x, j) = (x4 − 228x3 + 494x2 + 228x+ 1)3 − jx(1− 11x− x2)5.
Let j1 = j(τk)
σ and j2 = j(τk)
σ℘5σ be two conjugate roots of H−d(X) (d = 5l
or 20l) over the field L (for some σ ∈ Gal(Σ℘5Ωf/K)). Then ρσk has the
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minimal polynomial q(x, λσ) over Ωf from the proof of Proposition 5.1. The
identity (5.1) implies that ρσk = r
5(τk)
σ is a root of G(x, j1) = 0, so that
q(x, λσ) | G(x, j1) in Ωf [x]. Applying the automorphism σ℘5 gives that
q(x, λ′σ) | G(x, j2), so that
g(x)σ = q(x, λσ)q(x, λ′σ) | G(x, j1)G(x, j2).
Let p be a prime divisor of l in Ωf , and q the prime below p in L. If j1 6≡ j2
(mod p), and neither ji is 0 or 1728 (mod p), then g(x)
σ mod q ∈ Fl[x] is a
quartic dividing Hˆ5,l(x) (mod q), since l | −d implies that the j-invariants
ji reduce to supersingular j-invariants, which must be roots of Jl(t) over
Fl. For this we are using [15, Prop. 5.5], according to which Hˆ5,l(x) can
be expressed as a product of factors G(x, j) over the roots j of Jl(t), times
certain factors corresponding to j = 0 and j = 1728. (See the argument in
Section 6 below concerning the polynomials G(x, j) and F (x, j).)
If l ≡ 2, 3 (mod 5), then the irreducible factors of Hˆ5,l(x) (mod l) are
either x2 + 1 or quartic. Now, g(x)σ ∈ Lq[x] is irreducible, and can only
have a quadratic factor modulo q if it is congruent to (x2 + 1)2. But Hˆ5,l(x)
has no repeated factors, so g(x)σ must remain irreducible modulo q. Hence,
g(x)σ ≡ x4 + ax3 + (11a+ 2)x2 − ax+ 1 (mod q) is an irreducible factor of
Hˆ5,l(x) over Fl.
In particular, this holds if j1 and j2 are two distinct roots mod p of
the factor X2 + aiX + bi of H−d(X) in Theorem 2.1. This is because this
quadratic is irreducible (mod l), so it arises by reduction from roots ji which
are conjugate over L, since L is the decomposition field of l in Ωf/K (l
has order 2 in the class group mod f of K). It follows that the factor
(X2 + aiX + bi)
2 contributes at least one irreducible factor of the form g(x)
to Hˆ5,l(x) over Fl, when l ≡ 2, 3 (mod 5).
On the other hand, if l ≡ ±1 (mod 5), then the irreducible factors of
Hˆ5,l(x) are linear or quadratic. Since g(x)
σ mod q divides Hˆ5,l(x), then g(x)
σ
splits either as a product of two distinct quadratics or four distinct linear
polynomials (mod q), by the proof of Proposition 4.2. However, the latter
cannot happen, by Hensel’s Lemma, because g(x)σ is a product of irreducible
quadratics over Lq. Hence, g(x)
σ factors as a product of two irreducible
quadratics (mod q). Now setting λ1 = λ
σ and a = j∗5(τk)σ = 22+λ1 +53λ
−1
1
gives
a2 − 44a− 16 = (λ
2
1 − 125)2
λ21
.
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It follows that, in the notation of Section 3, −Θ1 is not a square in L,
because (
λ1 − 125
λ1
)σl
=
(
λ1 − 125
λ1
)σa
= −
(
λ1 − 125
λ1
)
. (5.2)
Since σl is the Frobenius automorphism for l in Ωf/K, this equation implies
that the quadratic residue symbol(
a2 − 44a− 16
q
)
= −1 in L. (5.3)
The terms on either side of (5.2) are nonzero (mod q), because a2−44a−16
is a factor of the discriminant of g(x)σ; and we have shown above that g(x)σ
has no multiple factor (mod q). Now the proof of Proposition 4.2 shows
that g(x)σ ≡ k1(x)k2(x) (mod q) factors into two polynomials of the form
ki(x) = x
2 + rix+ si, where ri, si satisfy the relation of that proposition.
Hence, when l ≡ ±1 (mod 5), there are at least two distinct factors of
Hˆ5,l(x) of the form k(x) arising from the factor (X
2 +aiX+bi)
2 in Theorem
2.1.
6 Completion of the proof
It remains to show that there are no other factors of the form g(x) (l ≡ 2, 3
mod 5) or k(x) (l ≡ 1, 4 mod 5) arising from a given factor (X2 +aiX+ bi)2
of H−d(X) in the product of Theorem 2.1, for d = 5l or d = 20l. The same
arguments as in [18, Lemma 4.2] show that H−5l(X) and H−20l(X) are both
squares (mod l), in the case l ≡ 3 (mod 4), so that the factor (X2+aiX+bi)2
only divides one of these class equations (mod l). In this part of the proof we
use the notation and remarks from [21, Section 2.2]. In particular, we use the
linear fractional maps S(x) = ζx, T (x) = −(1+
√
5)x+2
2x+1+
√
5
, U(x) = −1x , A(x) =
ζ3 (1+ζ)x+1
x−1−ζ4 from that paper (ζ a primitive 5-th root of unity). These are all
elements of the icosahedral group G60.
We shall use the fact that a factor of Hˆ5,l(x) of the form k(x) = x
2+rx+s,
satisfying r = ε5(s−1), has (nonzero) roots α5 and β5 satisfying the equation
α5 + β5 = ε5(1− α5β5). (6.1)
Since there is at least one such factor, we can choose a fixed α satisfying
this equation, which is unique up to multiplication by a power of ζ. Since,
moreover, (α, β) and (−1/α,−1/β) are also solutions of this equation, it is
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clear that for M in the group G10 = 〈S,U〉, the pairs (M(α),M(β)) are
solutions of (6.1) for which M(α)5 = α5 or −1/α5, the latter quantity being
a root of the companion polynomial
k¯(x) =
1
s
x2k(−1/x) = x2 − r
s
x+
1
s
.
Since the roots of G(x, j) = 0 have the form M(α), for a single root α and
M ∈ G60 (the icosahedral group, see [21]), a second factor of the form g(x)
or k(x) (distinct from k¯(x)) dividing G(x, j) would yield a solution (α′, β′)
of (6.1), where α′ = M1(α) is not in the orbit G10α and β′ = M2(β) 6∈ G10β.
This suffices to prove what we need, since any factor of the form g(x) or
k(x) has roots that are invariant under τ(x) = −x+ε
5
ε5x+1
, and this map takes
j(x) =
(x4 + 12x3 + 14x2 − 12x+ 1)3
x5(1− 11x− x2)
to
j(τ(x)) = j5(x) =
(x4 − 228x3 + 494x2 + 228x+ 1)3
x(1− 11x− x2)5 .
Thus, any factor of the form g(x) or k(x) dividing
F (x, j) = (x4 + 12x3 + 14x2 − 12x+ 1)3 − j(x5(1− 11x− x2)
over Fl will also divide G(x, j) (crucially, for the same value of j). See [21,
Section 2.2].
The relations
AU = UTA
AT = UA
AT2 = AUT = TA,
along with the fact that the elements SiAj are coset representations for
the left cosets of 〈T,U〉 in G60, implies that the right cosets of G10 in G60
are G10T
iAj , for i = 0, 1 and j = 0, 1, 2. To prove that only one factor
of the form g(x), or two factors of the form k(x), correspond to the factor
(X2 + aiX + bi)
2, we consider the equation
M1(α)
5 +M2(β)
5 = ε5(1−M1(α)5M2(β)5),
for pairs of elements of the form M = T iAj , where i, j are not both 0. We
compute the resultants
RM1,M2 = Resy(x
5 + y5 − ε5(1− x5y5),
(c1x+ d1)
5(c2y + d2)
5(M1(x)
5 +M2(y)
5 − ε5(1−M1(x)5M2(y)5))),
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where Mi(x) =
aix+bi
cix+di
. For example,
RT,T = 5
15x(x2 + x− 1)(x2 + 1)(x4 − x3 + x2 + x+ 1)
× (x4 − 2x3 + 2x+ 1)(x4 + x3 + 3x2 − x+ 1)
× (x8 + 4x7 + 10x6 + 8x5 + 12x4 − 8x3 + 10x2 − 4x+ 1)
× (x8 + 7x7 + 15x6 + 15x5 + 16x4 − 15x3 + 15x2 − 7x+ 1)
× (x16 + 2x15 − 4x14 − 12x13 + 25x12 − 18x11 + 68x10 − 112x9
+ 13x8 + 112x7 + 68x6 + 18x5 + 25x4 + 12x3 − 4x2 − 2x+ 1)
= 515x(x2 + x− 1)p4(x)p11(x)p16(x)p19(x)p64(x)p99(x)p84(x),
where pd(x) is the polynomial defined in [20] (see Tables 1 and 2 in that
paper) and p4(x) = x
2 + 1. From [20], pd(x) divides
Fd(x
5) = x25h(−d)(1− 11x5 − x10)h(−d)H−d(j(x5)).
The factors x(x2 +x−1) divide x(x10 + 11x5−1) and can be ignored. Thus
the solution (α, β) arises from one of the factors H−d(X)4d , for d ∈ T. If
εd = 1, this shows that no solution of (6.1) of the form (T (α), T (β)) can
arise from the same factor (X2 + aiX + bi)
2 in Theorem 2.1 that (α, β)
does, since they correspond to non-conjugate j-invariants over Fl. If d = 84
and d = 0, then factors of H−84(X) (mod l) can occur separately in the
final product in Theorem 2.1. Considering the case d = 84 in the proof of
Theorem 2.1 and the computations in Table 2, we must show that these
factors, so far as they occur for l ∈ {389, 397, 401, 409}, each yield only one
factor of the form g(x) (or two of the form k(x)). (The prime 383 can be
ignored for d = 84 in Table 2, since it does not divide a N(Q(u, v)) in the
proof of Theorem 2.1.) For example, the unique factors of the form g(x)
coming from H−84(X) corresponding to these four primes are:
g389(x) = (x
2 + 286x+ 379)(x2 + 262x+ 350), r ≡ 1515(s− 1) mod 389;
g397(x) = x
4 + 253x3 + 6x2 + 144x+ 1;
g401(x) = (x
2 + 376x+ 362)(x2 + 205x+ 329), r ≡ 1115(s− 1) mod 401;
g409(x) = (x
2 + 251x+ 304)(x2 + 240x+ 74), r ≡ 1295(s− 1) mod 409.
Each of these polynomials divides the cofactor f84(x) of Q84(x) in F84(x),
in the notation of Section 4. In particular, this shows that only one of the
quadratic factors of H−84(X) over Fl can divide K5l(X) for these primes,
since we know from Section 5 that each distinct quadratic factor would yield
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a different g(x) or pair of polynomials k(x) dividing Hˆ5,l(x). (Note: the only
primes in the set S which are listed for d = 84 in Table 2 are 167, 227, 311,
and H−84(X) is a product of linear factors modulo each of them.) This takes
care of the pair (M1,M2) = (T, T ).
For the map A(x) = ζ3 (1+ζ)x+1
x−1−ζ4 , the resultant RA,A above is a product
of polynomials in Q(ζ)[x] whose norm to Q is:
NQ(RA,A) = 5
60x4(x4 − 3x3 + 4x2 − 2x+ 1)(x4 + 2x3 + 4x2 + 3x+ 1)
× q4(x)q11(x)q16(x)q19(x)q64(x)q84(x)q99(x),
where Qd(x
5) = pd(x)qd(x), as in [20]. The factors qd(x) also divide the
polynomial Fd(x
5) = Qd(x
5)fd(x
5), so the same arguments apply as above.
(The two quartic factors divide x10 +11x5−1 and can be ignored, as above.)
Since NQ(RA2,A2) = NQ(RTA,TA) = NQ(RTA2,TA2) = NQ(RA,A), we
don’t get any new factors from these pairs, either. We still have to check the
pairs (M1,M2) with M1 6= M2. It suffices to check 10 pairs with M1 6= M2,
since (M1,M2) and (M2,M1) yield the same solutions. We find that the
resultants
RT,A = RT,TA = RT,A2
coincide with RT,T , so these pairs don’t give anything new. Also,
RT,TA2 = 5
15ε25p4(x)p24(x)p36(x)p51(x)p91(x)p96(x),
NQ(RA,TA2) = 5
60q4(x)q24(x)q36(x)q51(x)q91(x)q96(x);
so that these two products account for the remaining integers d in the set
T. Furthermore, the resultant norms
NQ(RA,TA) = NQ(RA,A2) = NQ(RA2,TA)
coincide with NQ(RA,A) above, while the resultant norms
NQ(RA2,TA2) = NQ(RTA,TA2)
coincide with NQ(RA,TA2). This accounts for all 10 pairs.
Because the polynomials p96(x), q96(x) appear as factors of the above
resultants, we also need to check that quadratic factors of H96(X) over Fl
yield at most one factor of the form g(x) or two of the form k(x) for the
primes l = 383, 397, 401, 421, 431, 449 in Table 2, since 96 = 0 for these
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primes. (The primes 383, 431 can be ignored, because H−96(X) splits com-
pletely for them, as it does for the primes 167, 239, 263, 359. The latter are
the primes in S listed in Table 2 for d = 96.) This is the same calculation
that we performed above for d = 84. We find:
g397(x) = x
4 + 30x3 + 332x2 + 367x+ 1;
g401(x) = (x
2 + 79x+ 102)(x2 + 184x+ 287), r ≡ 2895(s− 1) mod 401;
g421(x) = (x
2 + 316x+ 351)(x2 + 209x+ 6), r ≡ 1105(s− 1) mod 421;
g449(x) = (x
2 + 92x+ 307)(x2 + 437x+ 332), r ≡ 1655(s− 1) mod 449.
This verifies what we need.
We must also account for possible simultaneous solutions of
α5 + β5 = ε5(1− α5β5),
M1(α)
5 +M2(β)
5 = ε¯5(1−M1(α)5M2(β)5),
and therefore must also consider the resultants
R¯M1,M2 =Resy(x
5 + y5 − ε5(1− x5y5),
(c1x+ d1)
5(c2y + d2)
5(M1(x)
5 +M2(y)
5 − ε¯5(1−M1(x)5M2(y)5))).
We check that this yields only the same solutions as before:
R¯T,T =− 515ε¯25p4(x)p24(x)p36(x)p51(x)p91(x)p96(x),
NQ(R¯A,A) = 5
60q4(x)q24(x)q36(x)q51(x)q91(x)q96(x),
NQ(R¯TA,TA) = NQ(R¯A2,A2) = NQ(R¯TA2,TA2)
= NQ(R¯A,A);
R¯T,A = R¯T,TA = R¯T,A2 = R¯T,T , R¯T,TA2 = −RT,T ;
NQ(R¯A,TA) =NQ(R¯A,A2) = NQ(R¯A2,TA) = NQ(R¯A,A);
NQ(R¯A,TA2) =NQ(R¯A2,TA2) = NQ(R¯TA,TA2) = NQ(RA,A).
When l ≡ ±1 (mod 5) we would need to do the same calculation for
the polynomials k(x) = x2 + rx + s with r = ε¯5(s − 1), and work with the
conjugate equation
α5 + β5 = ε¯5(1− α5β5). (6.2)
But these calculations follow from what we have already computed, since
we can just apply the automorphism σ = (ζ → ζ2) to the maps in G60,
and this map switches (6.1) and (6.2). This sends the group G10 to itself,
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Table 5: Number N of factors g(x) or k(x) modulo l ≡ 1 mod 12.
l N h(−5l) formula of Thm. 1.1
13 2 8 2
37 4 16 4
61 8 16 8
73 5 20 5
97 5 20 5
109 16 32 16
157 4 16 4
181 12 24 12
229 12 24 12
241 20 40 20
277 12 48 12
313 7 28 7
349 20 40 20
373 12 48 12
and replaces T by T σ = T2 = UT and A by A
σ = A−1U = TA2. Since
T σAσ = T2A
−1U = T2A2U = T2TA2 = UA2, and T2Aj = UTAj , we obtain
exactly the same polynomials on taking norms as before.
These calculations show that each of the factors (X2 + aiX + bi)
2 in
Theorem 2.1 contributes exactly one factor of the form g(x) (respectively
k1(x)k2(x)) to the factorization of Hˆ5,l(x) over Fl, for l ∈ S or l > 379.
This proves Theorem 1.1 for the primes l ∈ S ∪ {l : l > 379}.
The counts of quartic or quadratic factors for the primes satisfying 7 ≤
l ≤ 379 and l 6∈ S are given in Tables 5-8. The number N of such factors
was counted by hand, after computing Hˆ5,l(x) on Maple. In each case, N
agrees with the formula of Theorem 1.1. This shows that Theorem 1.1 holds
for all primes l > 5.
7 The degree of ss
(5∗)
p (X)
The aim of this section is to prove Nakaya’s conjecture [22, Conjecture 6]
for N = 5, namely, that
deg(ss(5∗)p (X)) =
1
4
(
p−
(−1
p
))
+
1
2
(
1−
(−5
p
))
, p > 5.
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Table 6: Number N of factors g(x) or k(x) modulo l ≡ 5 mod 12.
l N h(−5l) formula of Thm. 1.1
17 1 4 1
29 4 8 4
41 4 8 4
53 2 8 2
89 4 8 4
113 3 12 3
137 3 12 3
149 8 16 8
197 6 24 6
233 5 20 5
257 3 12 3
281 12 24 12
317 6 24 6
353 5 20 5
Table 7: Number N of factors g(x) or k(x) modulo l ≡ 7 mod 12.
l N h(−5l) l mod 8 formula of Thm. 1.1
7 1 2 7 1
19 5 8 3 5
31 7 4 7 7
43 6 14 3 6
67 8 18 3 8
79 13 8 7 13
127 9 10 7 9
139 21 24 3 21
151 23 12 7 23
163 14 30 3 14
211 35 36 3 35
283 16 34 3 16
307 18 38 3 18
331 43 44 3 43
379 45 48 3 45
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Table 8: Number N of factors g(x) or k(x) modulo l ≡ 11 mod 12.
l N h(−5l) l mod 8 formula of Thm. 1.1
11 3 4 3 3
23 1 2 7 1
47 1 2 7 1
59 5 8 3 5
71 7 4 7 7
83 4 10 3 4
131 11 12 3 11
Recall that ss
(5∗)
p (X) is determined as follows. Define the polynomialR5(X,Y )
by
R5(X,Y ) =X
2 −X(Y 5 − 80Y 4 + 1890Y 3 − 12600Y 2 + 7776Y + 3456)
+ (Y 2 + 216Y + 144)3.
Then
ss(5∗)p (X) =
∏
j∗5
(X − j∗5) ∈ Fp[X],
where j∗5 runs over the distinct roots of R5(j, j∗5) ≡ 0 in Fp for those values
of j which are supersingular in characteristic p, i.e., the roots of ssp(X) = 0.
We use the parametrization
(j, j∗5) = (X,Y ) =
(
−(z
2 + 12z + 16)3
z + 11
,− z
2 + 4
z + 11
)
of R5(X,Y ) = 0 given in [21] (see the proof of Theorem 6.1). Note first that
discz((z
2 + 12z + 16)3 + j(z + 11)) = 3125j4(j − 1728)2,
so that there are exactly 6 values of z for every supersingular value of j,
except for j = 0 and j = 1728. For these values
j = 0 iff z2 + 12z + 16 = 0,
j = 1728 iff (z2 + 4)(z2 + 18z + 76) = 0;
where the two quadratics have discriminants 24 · 5 and −214 · 38 · 53, re-
spectively. Thus exactly 2, respectively 4, values of z correspond to j = 0
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and j = 1728 in characteristic p > 5. Since the number of supersingular
j-invariants in characteristic p is given by
np + rp + sp =
p− ep
12
+
1
2
(
1−
(−3
p
))
+
1
2
(
1−
(−1
p
))
,
where ep ∈ {1, 5, 7, 11} and p ≡ ep (mod 12), there are exactly
p− ep
2
+
(
1−
(−3
p
))
+ 2
(
1−
(−1
p
))
values of the parameter z altogether. Using that ep = 6− 2
(
−3
p
)
− 3
(
−1
p
)
,
we find
1
2
(
p−
(−1
p
))
values of z which correspond to supersingular j-invariants in Fp2 .
Now note that
discz(z
2 + 4 + t(z + 11)) = t2 − 44t− 16, disc(t2 − 44t− 16) = 24 · 53.
It follows that exactly two values of z correspond to a single value of j∗5 ,
except when t = j∗5 is a root of the last quadratic. Since
Rest(z
2 + 4 + t(z + 11), t2 − 44t− 16) = (z2 + 22z − 4)2,
the roots of z2 +22z−4 correspond 1−1 to the roots j∗5 of t2−44t−16 = 0.
On the other hand, the corresponding values of j are supersingular exactly
when they are roots of
Resz((z
2 + 12z + 16)3 + j(z + 11), z2 + 22z − 4)
= −53(j2 − 1264000j − 681472000)
= −53H−20(j).
The roots of H−20(x) are supersingular in Fp2 if and only if
(
−5
p
)
= −1.
Therefore, altogether we have
1
4
(
p−
(−1
p
))
distinct values of j∗5 corresponding to supersingular j-invariants, when
(
−5
p
)
=
+1, and
1
2
(
1
2
(
p−
(−1
p
))
− 2
)
+ 2 =
1
4
(
p−
(−1
p
))
+ 1
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Table 9: Degree and number of linear factors of ss
(5∗)
p (X).
p deg(ss
(5∗)
p (X)) L(5∗)(p)
7 2 2
11 4 4
13 4 2
17 5 1
19 6 6
23 6 2
29 7 5
31 9 7
37 10 4
41 10 6
43 11 7
47 12 2
53 14 2
59 16 10
61 15 7
67 17 9
71 19 11
73 19 5
79 21 13
83 21 5
89 22 8
97 25 5
distinct values of j∗5 corresponding to supersingular j-invariants, when
(
−5
p
)
=
−1. Hence, the degree of ss(5∗)p (X) is given by
1
4
(
p−
(−1
p
))
+
1
2
(
1−
(−5
p
))
.
This proves Nakaya’s Conjecture 6 for N = 5.
The table below gives the degree and number of linear factors of ss
(5∗)
p (X),
for primes between 7 and 97.
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